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Abstract. Federated learning (FL) is an emerging machine learning paradigm
designed to address the challenge of data silos, attracting considerable attention.
However, FL encounters persistent issues related to fairness and data privacy. To
tackle these challenges simultaneously, we propose a fairness-aware federated
learning algorithm called FedFair. Building on FedFair, we introduce differen-
tial privacy to create the FedFDP algorithm, which addresses trade-offs among
fairness, privacy protection, and model performance. In FedFDP, we developed
a fairness-aware gradient clipping technique to explore the relationship between
fairness and differential privacy. Through convergence analysis, we identified the
optimal fairness adjustment parameters to achieve both maximum model perfor-
mance and fairness. Additionally, we present an adaptive clipping method for up-
loaded loss values to reduce privacy budget consumption. Extensive experimental
results show that FedFDP significantly surpasses state-of-the-art solutions in both
model performance and fairness.

Keywords: Federated Learning - Differential Privacy - Fairness.

1 Introduction

Federated Learning (FL) [30] is a distributed machine learning framework that al-
lows clients to collaboratively train a shared model without exposing their respective
datasets. After training their local models, each client only transmits model parameters
to the central server, rather than the original training data. The server aggregates these
parameters to update the global model, which is then sent back to the clients for further
training. Due to its ability to improve model performance through collaboration with-
out the need to upload original data, overcoming data silos, FL has received significant
attention in recent years [6}20,44]. Particularly, many studies have achieved signif-
icant breakthroughs in terms of model performance [23}24,38|] and communication
costs [28,,39]] in FL.

*: Those authors contribute equally.
t: Corresponding author.
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To encourage more clients to participate in federated learning, establishing a fairness-
aware federated learning algorithm is necessary [22]]. Current fairness-aware machine
learning algorithms, such as [8,/10]], have not fully addressed the issue of client per-
formance disparities in federated learning. Due to non-independent and identically dis-
tributed (Non-IID) data, inconsistent client objectives (orange squares) lead to signif-
icant performance disparities of the collaboratively trained global model (red square)
across different datasets held by various clients. An increasing number of scholars are
beginning to focus on this phenomenon of unfair performance disparity [23}25}42].

On the other hand, recent studies have pointed out that training parameters may leak
data privacy, such as recovering original data [43|] or member inference attacks [35].
Even if only models or gradients are uploaded instead of original data, data leakage
can still occur [31]. To enhance data privacy in FL, differential privacy (DP) [11] has
become the preferred method for protecting privacy in federated learning due to its mod-
erate computational overhead and solid mathematical foundation. Incorporating appro-
priate DP during the training phase can effectively prevent the accidental leakage of
sensitive training information [[12]].

Although some works have explored balanced performance fairness and differen-
tial privacy in federated learning separately, no prior research has considered them in
a unified framework. For the first time, we propose a fairness-aware federated learn-
ing with differential privacy. However, balancing differential privacy protection, fair-
ness, and model performance presents a significant challenge. Specifically, there are
two main challenges: First, the clipping and noise addition processes in differential pri-
vacy have the potential to affect both fairness and model utility in federated learning.
Moreover, achieving fairness in federated learning requires uploading loss information
to the server, which entails additional privacy budget consumption.

In this paper, the relationship between the fairness loss function and differential
privacy in federated learning is analyzed to address the first challenge. We design an
fairness-aware gradient clipping strategy to balance fairness and differential privacy.
This gradient clipping strategy not only meets the requirements for fairness but also
satisfies the sensitivity control needed for differential privacy. Furthermore, through
convergence analysis, we demonstrate that an optimal adjustment parameter can be
found to achieve the best model performance and fairness. To address the second chal-
lenge, we design an adaptive clipping method for loss uploading, significantly reducing
the privacy budget consumption in this part.

Our main contributions are as follows:

1. First, a fairness-aware federated algorithm, FedFair, is proposed. It integrates a
novel loss function specifically designed to simultaneously optimize fairness and
model performance.

2. Based on FedFair, we propose an algorithm called FedFDP to further equip the sys-
tem with differential privacy. In particular, we designed a fairness-aware gradient
clipping strategy that ensures differential privacy and allows for adjustment of fair-
ness in federated learning. In addition, we propose an adaptive clipping method for
the additional loss values uploaded by each client to achieve optimal utility.

3. Furthermore, we conducted a convergence analysis of FedFDP and identified the
fairness parameter A* that results in the fastest convergence. We analyzed the pri-
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vacy loss of the FedFDP algorithm using the concept of Rényi Differential Privacy
(RDP) to verify its compliance with differential privacy requirements.

4. Finally, through comprehensive empirical evaluations on three public datasets, we
confirmed that FedFair and FedFDP are superior to existing solutions in terms of
model performance and fairness. What’s more, we investigated the impact of clip-
ping bound and noise multiplier on fairness.

In Section 2] we formalize our problem and introduce the three objectives of our
method. Section [3] presents a fair federated learning approach—FedFair. In Section [4]
we enhance FedFair by incorporating the DP guarantee, thereby arriving at the proposed
FedFDP. A fairness parameter X is embedded within FedFDP, and in Section [5] we
derive the analytical solution for the optimal \* through convergence analysis and dif-
ferential methods. The privacy analysis of FedFDP are examined in detail in Section [6]
In Section[7] we conduct extensive experiments on three datasets, comparing six base-
line algorithms to rigorously validate the effectiveness of both FedFair and FedFDP.
Following the review of related work in Section [B] Section [9] provides a summary of
our contributions. Due to space limitations, the detailed procedures of the convergence
analysis are included in Appendix [A]

2 Problem Formulation

In this work, we propose FedFDP which aims to serve threefold goals as follows. Then,
we will elaborate on and formalize how fairness and DP are defined in FL.

— Goal 1 (Fairness): Strive to achieve federated learning with the highest possible
fairness, where lower values of the federated fairness metric (Equation [2) indicate
better fairness.

— Goal 2 (Privacy): Implement federated learning under formal differential privacy
guarantees (Equation [3).

— Goal 3 (Utility): Ensure that the federated learning model retains strong predictive
performance, particularly in terms of classification accuracy.

2.1 Fairness in FL

We use w! signifies the model acquired from client 4 at iteration ¢, while w, denotes
the server-aggregated model. The objective of FL is to minimize F(-), in other words,
to seek:

N
w* = argmin F'(w), where F'(w) = szFz(W) (1)
i=1

Here, F;;(-) represents the local loss function of client i. The weights are defined as

pi = S D51 D, represents the dataset of client .

We have defined balanced performance fairness in FL as follows.
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Definition 1. (Balanced performance fairness [25]) For trained models w1 and wa,
we informally recognize that model w1 provides a more fair solution to the federated
learning objective in Equation ([I)) than model w if the performance of model w1 on
the N devices is more uniform than the performance of model ws on the N devices.

Differing from [28] that uses the variance of accuracy for "performance”, we em-
ploy the variance of loss. This enables the metric to be incorporated directly into the
objective function, facilitating more straightforward iterative optimization. Equation
(2) represents the specific form of fairness in federated learning, which is the weighted
variance of the loss values of global trained model w across all clients. Essentially, the
smaller the value of ¥, the fairer the w for all clients:

N
v(w) = sz' (Fy(w) = F(w))*. )

2.2 DP guarantee in FL

DP is a formal mathematical model that quantifies privacy leakage in data analysis
algorithms. It stipulates that alterations to a single record within the training data should
not induce significant statistical variations in the algorithm’s results.

Definition 2. (DP [11]). (¢, §)-DP is achieved by a randomized mechanism M : X™ —
RY, for any two neighboring databases D;, D € X™ that differ in only a single data
sample, andV S C Range(R):

PrM (D;) € S] < ePr[M (D)) € S] +6. 3)
By adding random noise, we can achieve differential privacy for a function f :
X" — R% according to Definition [2} The [5-sensitivity determines how much noise is
needed and is defined as follow.
DPSGD. In gradient-based methods, DPSGD |[1] is widely used in privacy preser-
vation. It performs per-sample gradient clipping and noise addition:

— Firstly, computing the gradient for data sample &;, donated by gi’j = VEF;(wi,¢ i)
— Secondly, clipping the gradient of per-sample to get the sensitivity:

,j”

7
817 = g}’ / max (1, ”gg ) : 4)

where C' represents the clipping bound.
— Thirdly, adding Gaussian noise with mean 0 and standard deviation C'- o to the sum
of clipped gradients, where ¢ is the noise multiplier, I is the identity matrix:

|Bi|
~q 1 Ail]
7 ]:1
The final step is to proceed with gradient descent as usual. When each client in FL uti-

lizes DPSGD as the optimization algorithm to safeguard their private data, the frame-
work transitions from FL to DPFL.
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Algorithm 1: FedFair

Input: loss function F'(w). Parameters: learning rate 7, fairness hyperparameter A,
batch sample ratio g, local dataset D;.

Output: the final trained model wr
1 Initialize wo, F'(wo) = Initial();
2 SERVER
fort=0,1,---, T —1do

fori: =1,2,---, N parallel do
‘ Wi 1, Fi(wi) = LOCAL (w¢, F(w));

Wil = Zi\;1 piwé+1;
F(wip1) = 20, piFi(wiia);
return wr;
LOCAL
10 Download w;, F(w;) and wi < w;
11 {Bi} + Split D; to batches;
12 for batch b € {B;} do

- 7

13 A; = Fy(wi,b) — F(wy);

14 m=n-(1+Xx4);

15 wi =wi —n; - VF;(wi b);
16 Wi,y « wi, compute Fi(wiy);
17 return wi 1, F;(wii1);

3 FedFair: Equipping FL with Fairness

We previously defined the performance objective in Equation (T)) and balanced perfor-
mance fairness in Definition [T} Here, we use these to develop a new objective function
that informs our proposed fairness-aware federated learning algorithm.

Upon incorporating Equation (2)) into Equation (I)), we introduce a comprehensive
objective function that integrates considerations of fairness:

w

N
. A
min H(w) = F(w) + EZpz (Fy(w) — F(w))?. (6)
i=1
For client ¢ during round ¢, the refined objective is articulated as follows:
. i i i i) 2
min Hi(wi) = Fi(wy) + 5 (Fi(wt) - F(Wt)) ) (7

where F(w) = Zf\il piFi(w?) and F;(w?) is determined using the training datase
from round ¢ — 1, as delineated in line[T6|of Algorithm [T} and the A (A > 0) is a hyper-
parameter used to adjust the degree of fairness ﬂ Consequently, within the context of

* We use Fi(wi) = S| piFi(w?), the reason for F/(wy) # F(wr, Erest) is that the test data
Eiest from the server cannot be used for training.

> When A = 0, the algorithm becomes traditional federated learning. When A — oo, the algo-
rithm only focuses on fairness. However, if \ is too large, it will cause very steep gradients
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Equation , F(w?) is considered a constant when the gradient is being computed. So,
the gradient of Equation (/] as follows:

VH;(wi) = VF;(w!) + \A; - VF;(w})
= (14+XA)VFi(w}), ®)

where A; = Fj(wi) — F(w?).
The stochastic gradient descent by using Equation (8] as show:

Wi =w; —n(l+AA)VEFi(w}) = wi — 0, VFi(w}), )

where n; = (1 + \4;).

Therefore, our approach can be recognized as establishing an dynamic learning
rate that allows the model update to achieve both performance and fairness objectives
simultaneously. Based on these principles, we introduce the FedFair algorithm, as de-
scribe in Algorithm T}

1. Server (lines [3}{7): The server executes 7" rounds of communication, each round
broadcasting the aggregated model w; and the loss F'(w) to clients.

2. Local (lines[I2{15): For each batch b, we compute the dynamic learning rate 7; in
lines For line[15] we execute gradient descent by using 7;.

4 FedFDP: Further Equipping FedFair with Differential Privacy

In this section, we present our algorithm, FedFDP, which further integrates FedFair with
differential privacy. The flow of FedFDP algorithm is shown in Figure [T} In addition
to adding Gaussian noise to the gradients, we introduce two additional processes to
balance fairness and DP: 1) A fair-clipping strategy is added to FedFair. This strategy
not only achieves sensitivity but also allows adjustments to the level of fairness. 2) An
adaptive clipping method is employed when protecting the loss values that clients share
with differential privacy, aiming to maximize utility. Next, we discuss the details of
these two strategies.

4.1 Fair-clipping Strategy for Gradient

In the general DPSGD algorithm [[1}/5,/13|/41]], per-sample clipping is an essential pro-
cess for obtaining sensitivity. In order to be compatible with per-sample clipping, ini-
tially, we expand our objective function of client ¢ in FedFair, Equation (7), into Equa-
tion (10):

_ . A _ .
min H;(wi, &) = Fi(wi, &) + 5 (Fi(wi, &) — F(w}))”, (10)

wi 2

which might prevent the model from converging. Fortunately, we theoretically found an opti-
mal value for A in Section[5.1] In addition, as shown in Figure[2] we experimentally confirmed
the existence of the optimal .
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where &; € B, j = {1,2,---,|B;|}, and |B;| is the batch size of client i.
Next, we compute the gradient of Equation (T0):

VH(wi. &) = (14X~ A7) - VE(w}. &), an

where A7 = Fy(wi, &) — F(wi).

To ensure the algorithm is safeguarded by differential privacy, we replace the gra-
dient of the loss function with Equation (IT)) and reformulate the gradient descent com-
putation for client ¢ as follows:

i ~i
Wip1 = Wy — N8

' Bil (14 X-A7) VE(wi, ;)
=%~ a7 |2 ( )j oy FOC N
|Bi] 21 max <1’ (1+A‘Ai)||ZFi(W{7£j)|>
(18
—wi- i 3O TR + o0 N0 12
7 _j:l
where:
- 4 C
CW —min(14). 47 Y ). 13
s mln( + w”VFi(Wi,fj)H) (13)

Hence, our strategy can be considered as a fair-clipping technique, tailored to meet
the demands of differential privacy while also nurturing fairness within the model.
When A\ = 0, Equation corresponds to the traditional DP clipping method without
fairness. For large C, Equation simplifies to the first term, prompting FedFDP to
adjust towards enhanced fairness. Conversely, for small C', Equation (13) simplifies to
the second term, resulting in the gradient being clipped to the bound C'. The impact of
C on the performance of FedFDP will be further discussed in the experiments.

4.2 Adaptive Clipping Method for Loss

Since calculating A{ requires clients to upload F;(w?), differential privacy must be
incorporated to ensure the algorithm preserves privacy. As shown in lines of Al-
gorithm [2| F;(w?) must be clipped to the interval [0, C;’*], followed by the addition of
Gaussian noise with a mean of 0 and a standard deviation of o; - C’li " to ensure dif-
ferential privacy. However, determining an appropriate clipping bound C’li " for Fy(wi)
is challenging. In federated learning, due to the heterogeneity of data held by differ-
ent clients, F;(w?) can vary significantly. A clipping norm that is too large introduces
excessive noise, while one that is too small leads to aggressive clipping of gradient
directions, impairing model performance. Therefore, an adaptive clipping strategy is
necessary.
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Algorithm 2: FedFDP

Input: loss function F'(w), learning rate 7, noise multiplier for gradient o, noise
multiplier for loss oy, fairness hyperparameter A, batch sample ratio g, original
clipping bound C.
Output: the final trained model wr
1 SERVER
fort=0,1,---, T —1do
fori: =1,2,---, N parallel do
‘ wii1, Fy(wiyq) = LOCAL (wy, F(wy));
Wbl = DL, PiWis;
F(wig1) = Y0 piFi(wip):
return wr;
LOCAL
Download wy, F'(w;) and wi < wy;
Sample randomly a batch B; with probability g;
forj =1,2,---,|B;| do
Al = Fi(wy, &) — F(wa);
Compute C’Z " by Equation ;
g’ =Cy’ - VE(wi, &)

15 Wii = Wi — B ( lgiﬁ' &7 +0C-N(0, I))§

16 Compute clipping bound of loss Cli "* by Equation and ;
17 forj=1,2,--,|Bi|do

18 Compute F;(wiy1,&5);

fij = min(C}", max(0, Fi(Wis1, &5))):

w | Fwis) = iy (S0 fis + oGP N O, D)

21 return wi 1, [ (wi ,);

LIRS B 7 B St i o)

A < =l
AW N =D

Based on the data heterogeneity of federated learning, we propose an adaptive clip-
ping method for F;(w?). For the i-th client, the adaptive clipping method uses the differ-
entially private mean of the previous round as the clipping bound for the current round.
The clipping bound C " for round ¢ and client i is defined as follows, when F(wi_y)
is the individual loss of the previous round and affl is the individual noise multiplier
of the previous round.

L, S dip (Fiwi_y, ) + & (0,(C0 7 o0)?)
“r= Bl : (14)

where
clip (Fi(wi_1,&;)) = min(C}" ", max(0, F;(wj_;,&;))). (15)

To ensure differential privacy during the clipping process, we use the noise-added
loss Clz’t as the clipping bound. For each communication round, the clipping bound
follows the post-processing property of differential privacy.
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Fig. 1. FedFDP framework. Besides the privately computed local model wi, 1 from the “Fair-
Clipping”, client 7 is also required to upload the private loss F;(wiy1).

4.3 Opverall Algorithm

We utilize the equation form Equation (I2)) to enhance Algorithm [2] Compared with
the Algorithm [T} FedFDP solely necessitates the application of differential privacy to
gradient and loss.

1. DPSGD (lines: In lines we compute the fair-clipping bound CZ 7 and
the per-sample gradient VF;(w?, &;) to get the processed gradient ;7. Then, we
add mean 0O noise to the sum of per-sample processed gradient gf&j in line |15/ and
execute the gradient decent.

2. DP for local loss (lines[I6{20): As described in Section[d.2] add noise to the clipped
local loss by using adaptive clipping bound Cf’t.

5 Finding Optimal Fairness Parameter

In this section, we discuss how to identify an optimal fairness parameter A through the
convergence analysis of the FedFDP algorithm.

All assumptions and detailed procedures for the convergence analysis are provided
in Appendix [A.2] leading to the following result:
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Theorem 1 (Convergence rate of FedFDP (Simplified version of Theorem 5)).

E[F(wr)] — F* <O (LGQXZ) Lo <L2m>

p*T p*T

Lo?C?%d LE|w; — w*||?

o a LEIWL W 1
+O<M2T)\>+O< T >, (16)

where L, j1, and G are parameters defined in Assumptions[IH3] and I" is a measure of
heterogeneity; see Appendix[A.l|for details.

As demonstrated in (T6), the fairness parameter A (A > 0) exhibits convex influence
on the convergence rate. The analytical solution of this relationship will be obtained via
extremum analysis in Section

5.1 Optimal Fairness Parameter \*

Assuming Ag is bounded as Qg < Ag < @1, then 1 4+ QoA < C’Z’j <14 Q1A We
rearrange the convergence upper bound in Equation (T6) to obtain a function in terms
of \:

L al)\g + a2>\2 + (13)\ + ay
2uT asA+1
where a; = G%Q3, as = 6G%Q?, a3 = 9Q1G? + 2LI'Q1 + 2QoE|w; — w*||?,
as = AG? + 2L + ‘MB# + E||w; — w*||2, a5 = 2Qo.
Let F(\) = a1 X’ tap ) tashtas then P(\) = 5E-F(\), where ﬁ can be con-

asAt1 ouT T
sidered a constant term. Obviously, when () is minimized, P(\) is also minimized.

The derivative of F(\) is as follows:

P = , (17)

. 2(110,5)\3 + (a2a5 + 3&1))\2 + 2a9\ + as — aqas

F) (ash + 1)2

(18)

Let the denominator of F'(\) be a new function:
g()\) = 2@1@5)\3 + (3@1 + a2a5))\2 + 2a9\ + a3z — aqas. (19)

Since (asA + 1)2 > 0, the sign of () is consistent with that of G()).
Using the discriminant of a cubic function A = b? — 3ac (a general cubic function
is expressed as aA® + bAZ + cA + d),

A= (30,1 + a2a5)2 - 3(2@1&5 . 2@2)
= 9a% + a%ag + 6aiasas — 12aqaza5
= (3a; — agas)? > 0. (20)

The derivative of G(\) is given by

G'(\) = 6a1as\* + 2(azas + 3a1)\ + 2as. 1)
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It is evident that when A > 0, G'(\) > 0.

If 7(\) has an extremum, then F’(X) has a root, meaning G(\) has a root. Sub-
stituting A = 0, we have G(0) = a3 — aqas, evidently when a3 < agas, G(A) has a
root.

Let A\ = o — 254301 replacing A with = in G() yields

3
G(z) = z° + agx + ar, (22)
where
_ _ 7(30,170,20.5)2
a6 = 12afa? >
_ _ IOSa?aE(agfmlag,) 36(a1a2a))(3a1+a2a5)+2(3a1+a2a5)
ar = 216a3a3

Using the root-finding formula to calculate G(x) = 0 gives the solutions z1, za, 3.

4 27 2 4 27
2 3
_& ai 4§  _or  jaz &
\/ tE gt \/ iR
where imaginary number w = _HT\/E‘ N =1z — % le{1,2,3}.
Furthermore, since A A2 A3 = —% > 0, X has only one positive real root. If

the equation has m real roots, the optimal solution for A is A* = max,, (Am)-
In conclusion, /() > 0 <= G(\) > 0 <= X > \*, therefore F(\) has a
minimum value F(\*), and P()) has a minimum value P(\*).

6 Privacy Analysis

At the beginning of privacy analysis, we clarify that: (1) FedFDP does not assume
Secure Aggregation (SecAgg) [4]], allowing the server to observe individual client up-
loads; (2) we guarantee sample-level DP via per-sample clipping to protect individual
data records; and (3) SecAgg is orthogonal to our method—while it hides per-client
updates, it cannot replace DP in preventing the aggregated model from memorizing
sensitive data.

As Algorithm 2| shown, the i-th client will return model parameters w}_ ; and loss
value E(wg 41) before the server aggregates the model parameters in round ¢ + 1.
wi,, and Fy(wi +1) both access the private training data of client 4, so they are both
to perform differential privacy preservation, as in lines [[T}{I4] and lines of the
Algorithm[2] respectively. We will analyze their privacy with RDP separately and finally
combine their privacy loss to get the overall privacy loss of FedFDP algorithm.
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6.1 Privacy Loss of wy_

Theorem 2. After T rounds local updates, the RDP of the W' in i-th client satisfies:

T < k2 —k
modet (< )OHZ(Z)OQ)Q quexp< 53 >, (23)

k=0

where o is noise multiplier of the w§+1, and o > 1 is the order.

Proof. We will prove Theorem [2] in the following two steps: (i) use the RDP of the
sampling Gaussian mechanism to calculate the privacy cost of each model update, and
(ii) use the composition of RDP mechanisms to compute the privacy cost of multiple
model updates.

Definition 3. (RDP privacy budget of SGM [33]). Let SG 4 », be the Sampled Gaussian
Mechanism for some function f. If f has sensitivity 1, SGq , satisfies (o, R)-RDP
whenever

R< - i 1 log max(As(q,0), Ba(q,0)), 24)
where
Aa(g,0) = Bango [(9(2)/90(2))°]
{Bam,a) = E. o [(90(2)/9(2))"] @9

with 9o = N (0,0%),91 =N (1,02) and ¥ = (1 — q)¥o + g1
Further, it holds for ¥(¢, o) € (0,1],R*t*, A,(q,0) > Ba(g,0). Thus, SG, , sat-

«, a— 1 log (Aa (Q1 U)))'RDP .
Finally, the existing work [33]] describes a procedure to compute A, (g, o) depend-

ing on integer
o 2
_ « — g k k k= —k
Ay = kE_O (k) (1 q" exp ( 552 ) . (26)

Definition 4. (Composition of RDP [32|]). For two randomized mechanisms f, g such
that f is (e, R1)-RDP and g is (o, R2)-RDP the composition of | and g which is defined
as (X,Y)(a sequence of results), where X ~ f andY ~ g, satisfies (o, Ry + Rg) —
RDP

From Definition 3] and Definition[4] the Theorem [2]is obtained.

isfies (

6.2 Privacy Loss of F; (W§+1)

Theorem 3. After T rounds local updates, the RDP of the F;(w' 41) ini-th client sat-

isfies:
: T (a K k2 —k
i — 1— @ 2
loss(a> a—1 kZ:O (k}) ( q exp ( 202 ) ( 7)

l
where oy is noise multiplier of the F; (Wi 1), and o > 1 is the order.

The proof is similar to that of the w_ ;, so we omit it.



FedFDP: Fairness-Aware Federated Learning with Differential Privacy 13

6.3 Privacy Loss of FedFDP

Since both w. and E(wi 41) access the training set, we need to combine their RDP
sequentially using DeﬁnitionE], and then use Lemmato convert it to (¢, §)-DP. Lastly,
we can get the Privacy loss of FedFDP as follows.

Theorem 4. (Privacy loss of FedFDP). The privacy loss in i-th client of FedFDP sat-
isfies:

(€i7 61) :(Rinodel(a) + R%oss(a) + ln((a - 1)/0&) (28)
—(Ind+Ina)/(a-1),9),

where 0 < § < 1, R! () is the RDP of wi_, is computed by Theorem |2 and

model

R; . () is the RDP of F;(wi, ) which is computed by Theorem

Lemma 1. (Conversion from RDP to DP [3])). if a randomized mechanism f : X™ —
R satisfies (o, R)-RDP, then it satisfies(R+1In((a—1)/a) — (Ind+Ina)/(a—1),d)-
DP forany 0 < § < 1.

7 Experiments

In this section, we demonstrate the effectiveness of FedFair/FedFDP through answering
the following three research questions:

— RQ1 How effective is FedFair / FedFDP under classification tasks with real-world
datasets?

— RQ2 How robust is FedFair / FedFDP across different experimental settings?

— RQ3 What is the performance of FedFDP under differential hyper-parameters?

To address the aforementioned three RQs, Section [/.1] introduces the default ex-
perimental settings used in this study, including the description of baselines and the
configuration of the experimental code. Section presents comparative experiments
conducted on three datasets under default parameters involving FedFair, FedFDP, and
six baseline methods to answer RQI. Section [7.3] addresses RQ2 through experiments
on heterogeneity and scalability. Finally, Section [7.4] performs ablation studies on \, C,
o, €, and the target accuracy to answer RQ3.

7.1 Default Settings

Prior to addressing the three research questions, an outline of the default experimental
configuration is provided.

Baselines. We compared our algorithms against six baseline methods. For FedFair,
the baseline algorithms were left unmodified; for FedFDP, DP was applied to each
baseline algorithm to enable a fair comparison, which include FedAvg [30], SCAF-
FOLD [17], FedProx [24]], FedDyn [2]], ALI-DPFL [28]] and q-FFL [25].

Communication Overhead Analysis. Table|[I|presents a detailed comparison of the
communication complexity per round for FedFDP and other state-of-the-art baselines.
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Table 1. Comparison of Communication Overhead and Transmission Requirements. d represent
the dimension of model.

Algorithm &Tﬁoﬁ?ﬁ; EXtr?,;:ﬁ::tted Description of Overhead

FedAvg o(d) None Transmits only model parameters/gradients.
FedProx O(d) None Adds proximal term locally.

q-FFL o(d) Scalar Sends scalar loss for re-weighting.
SCAFFOLD| 0O(2d) Control Variates |Transmits both model and control variates.
FedDyn O(d) None Improve SCAFFOLD without control variables.
ALI-DPFL o(d) Scalar Server broadcast scalar local steps to clients.
FedFDP O(d) Scalar Transmits scalar loss for fairness/privacy.

While methods like SCAFFOLD introduce control variates to mitigate client drift, they
double the communication payload to ((2d), which can be prohibitive in bandwidth-
constrained wireless networks. In contrast, FedFDP maintains a communication com-
plexity of O(d), aligning with efficient baselines such as FedAvg and FedDyn . Al-
though FedFDP incorporates a fairness-aware mechanism and differential privacy, the
additional transmission overhead is restricted to a negligible scalar value (representing
the fairness loss), similar to the approach in q-FFL and ALI-DPFL. This demonstrates
that FedFDP achieves robust privacy and fairness without compromising communica-
tion efficiency.

Tasks setting. By presenting the comparative experimental results of FedFair and
FedFDP with multiple baseline methods on three datasets: MNIST [19], FashionM-
NIST [40], and CIFARIO0 [18]], we adopted a widely used heterogeneous settings [21}
27| to 10 clients which controlled by a Dirichlet distribution denoted as Dir(/3), and the
default value of 8 = 0.1 [2738]]. We use a 4-layer CNN architecture [30] which con-
sists of two convolutional layers and two fully connected layers as model architecture.

Implementation environment. We implement our experiment using PyTorch-1.8
and run all experiments on a server with one Intel 19 13900ks CPU (24 cores), 64GB of
memory, and one NVIDIA 4090 GPU, running on Windows 10.

Hyperparameters. For FedFair and its baseline algorithms, we set learning rate
1 = 0.1. For FedFDP and its baseline algorithms, we set the = 1.0, the batch sample
ratio ¢ = 0.05, clipping bound for gradient C' = 0.1, the noise multipliers for gradient
o = 2.0, the privacy budget € = 3.52 and the § = 1.0 x 107>, In particular, for the loss
values in the FedFDP algorithm that additionally require differential privacy processing,
we set the clipping bound for loss C; = 2.5 and the noise multipliers for loss o; = 5.0.

7.2 Effective in Real-world Datasets

To address RQ1, we conducted experiments on three datasets for both FedFair and
FedFDP under the default parameter settings described in Section[7.1] The results, pre-
sented in Table [2|and Table [3} report the test accuracy (%) and fairness measure (¥).
Table 2] presents the experimental results of the FedFair algorithm compared to
baseline methods. FedFair significantly enhances fairness while maintaining substantial
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Table 2. FedFair and baselines: results of test accuracy (%) and fairness (¥).

Datasets MNIST \ FashionMNIST \ CIFARI0
| Ace.() () | Ace(D) () | Ace(D) v(l)
FedAvg  [98.6740.09 7.3e-3+5.4e-3(87.0541.02 3.6e-14+2.2e-1]62.03£1.00 1.1e0+8.9¢-1

SCAFFOLD (98.45+0.03 3.0e-24+2.6e-2|86.77£0.25 6.1e01+4.0e0 |62.21£1.37 9.9e0%1.1el

FedProx 98.70+0.13 7.5e-3+5.1e-3|87.30+0.51 3.5e-1+£2.1e-1{62.13+0.20 1.2e0+3.1e-1
FedDyn 98.40+0.23 8.0e-3+2.1e-3|87.48+0.31 6.2e-1£3.5¢-1{62.33+1.15 3.2e0+8.8e-1
q-FFL 98.72+0.03 4.7e-341.0e-3|87.35+0.13 5.1e-145.2e-2{63.331+0.21 9.4e-1£3.3e-2
FedFair 98.75+0.09 3.9e-3+1.3e-3|87.70+0.76 2.6e-1+2.3e-1|62.3810.88 8.5e-1+6.6e-1

Table 3. FedFDP and baselines: results of test accuracy (%) and fairness (¥), while the privacy
budget € = 3.52.

Datasets | MNIST \ FashionMNIST \ CIFARI10
| Acc.(h) v{) | Ace(d) () | Ace(h) v(l)

FedAvg 93.40+£0.47 1.1e1140.5¢10|84.15+£1.97 3.0e8+1.4¢8|52.61+0.17 6.1€9+5.2¢9
SCAFFOLD|93.954+1.39 7.0e10+4.9¢9 |83.4144.87 3.3¢9+4.7¢9(53.85+1.16 6.2¢9-+1.3¢9
FedProx  |90.50+3.95 5.3¢10+7.3¢9 |83.85+0.98 7.9¢8+4.5¢8|51.344+0.91 4.4¢942.1¢9
FedDyn 91.4242.25 5.6e10+9.8¢9 |84.04£1.21 8.8¢8+3.2¢852.14+1.39 5.5¢9+1.2¢9
ALI-DPFL |90.89+1.65 3.3¢10+8.3¢9 |83.65+1.68 6.668+3.5¢8|52.05+1.26 3.69+1.6¢9
g-FFL 93.7441.41 7.8¢10+1.1e11|83.134+2.74 4.29-+2.6e9(48.461.00 4.7e9+1.9¢9
FedFDP  |95.13:+0.83 2.3¢10+1.0e10|85.99+0.76 2.8¢8+0.8e8|54.21+0.98 2.69-+1.6¢9

model performance across the MNIST, FashionMNIST, and CIFAR10 datasets, with re-
spective increases of 17.0%, 25.7%, and 9.6%. A plausible explanation is that, as the
training process progresses, FedFair increasingly prioritizes fairness, resulting in a re-
duction in 7;. Compared to training methods with a fixed learning rate, learning rate
decay accelerate the convergence of gradient-based methods [45]].

Table [3| presents the experimental results of the FedFDP algorithm compared to
baseline methods. In comparison with Table 2} the introduction of DP leads to a slight
decrease in accuracy, approximately in the range of 3% - 10%. However, the fairness is-
sue becomes more pronounced, with the corresponding metric increasing significantly
in magnitude, indicating that DP exerts a substantial influence on fairness in FL. Under a
fixed privacy budget of ¢ = 3.52, FedFDP significantly enhances fairness while match-
ing the accuracy of the best-performing baseline, achieving improvements of 30.3%,
6.7%, and 27.8% across three distinct datasets, respectively.

7.3 Robust in Different Settings

To answer RQ2, as shown in Table[d]and Table[5] we extended the heterogeneity setting
from the default Dir(0.1) to Dir(0.5) and Dir(1), and scaled the number of clients from
the default 10 to 20 and 50 to examine scalability.

Heterogeneity. Table |4| shows that FedFair outperforms baseline methods in accu-
racy while maintaining significant fairness when faced with diverse data distributions
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Table 4. FedFair and baselines: results of test accuracy (%) and fairness (¥) in different hetero-
geneity and scalability.

‘ Heterogeneity ‘ Scalability
Datasets | MNIST FashionMNIST| CIFARI10
Method ‘ Dir(0.1) Dir(0.5) Dir(1) ‘ 10 clients 20 clients 50 clients
|Ace.() (1) Ace.(D) ¥(1) Ace.(t) W(1) [Ace.(t) (1) Ace.t) (1) Ace.t) (1)
FedAvg 98.67 7.3e-3 98.37 1.2¢-3 89.41 3.6e-2| 62.03 1.1e0 60.89 1.5¢0 59.78 1.5e0

SCAFFOLD| 98.45 5.0e-3 98.51 2.1e-3 86.39 3.4e-2| 62.21 9.9e0 59.48 8.7e0 58.64 2.3e0
FedProx 98.70 7.5e-3 98.35 1.2e-3 88.33 3.5e-2| 62.13 1.2e0 60.33 2.2¢0 61.31 1.6e0
FedDyn 98.40 8.0e-3 98.36 1.8e-3 88.26 3.5e-2| 62.33 9.4e-1 61.35 2.6e0 62.52 1.5¢0
q-FFL 98.72 4.7¢-3 98.61 1.1e-3 89.03 3.6e-2| 63.33 9.4e-1 60.63 1.3e0 59.65 1.5¢0
FedFair 98.75 3.9e-3 98.72 1.2e-3 89.60 1.7e-2| 62.38 8.5e-1 61.58 1.1e0 62.90 1.5¢0

Table 5. FedFDP and baselines: results of test accuracy (%) and fairness (¥) in different hetero-
geneity and scalability, while the privacy budget ¢ = 3.52.

‘ Heterogeneity ‘ Scalability
Datasets | MNIST FashionMNIST | CIFAR10
Method ‘ Dir(0.1) Dir(0.5) Dir(1) ‘ 10 clients 20 clients 50 clients

Ace.(D) (1) Ace() ¥(1) Ace() (1) [Acet) (1) Ace.) (L) AceD) F(L)

FedAvg 93.40 1.lell 94.17 4.1e9 85.60 3.7¢9 | 52.61 6.1e9 51.58 2.0e9 55.90 1.5¢9
SCAFFOLD| 93.95 7.0e10 94.06 1.9¢9 84.56 3.6e9 | 53.85 6.2e9 54.34 2.9e8 53.98 2.2e9
FedProx 90.50 5.3el0 94.23 3.1e9 84.38 5.6e9 | 51.34 4.4e9 53.67 4.5e8 54.14 2.2¢9
FedDyn 91.42 5.6e10 93.08 3.8¢9 85.21 9.8el10| 52.14 5.5¢9 50.21 1.2e10 51.86 2.0el0
ALI-DPFL | 90.89 3.3el0 93.98 2.6e9 83.66 2.5el0| 52.05 3.6e9 38.35 2.4el0 33.46 1.6el0
q-FFL 93.74 7.8¢10 93.86 2.5e8 85.20 7.4e8 | 48.46 4.7¢9 51.12 2.7e8 49.83 1.1e7
FedFDP 94.13 2.3e10 94.56 3.4e9 86.77 6.0e8 | 54.21 2.6e9 54.52 2.2¢8 56.49 5.3e8

exhibiting varying levels of heterogeneity. Except for the Dir(0.5) scenario, where it
falls slightly short of q-FFL, FedFair demonstrated fairness improvements of 22.0%
and 50% over the best baseline in Dir(0.1) and Dir(1.0), respectively. Table [5| shows
that FedFDP outperforms baseline methods in accuracy while maintaining significant
fairness when confronted with diverse data distributions exhibiting varying levels of
heterogeneity. Except for the Dir(0.5) scenario, where it slightly underperforms q-FFL,
FedFDP shows fairness improvements of 30.3% and 18.9% over the best baseline in
Dir(0.1) and Dir(1.0), respectively.

Scalability. Table [4] indicates that FedFair generally surpasses baselines in accu-
racy and shows fairness improvements of 9.6%, 15.4%, and 0.01% across three client
counts. Table [5] demonstrates that as the number of clients increases, FedFDP consis-
tently achieves accuracy comparable to the best baseline. Moreover, except in the 50
clients scenario where it slightly lags behind g-FFL in fairness, FedFDP exhibits fair-
ness improvements of 27.8% and 18.5% with 10 and 20 clients, respectively.
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7.4 Performance under Different Hyper-parameters
In response to RQ3, we performed extensive hyper-parameter experiments. In Table|[6]
we observed results under fixed privacy budgets e = {1.0, 2.0, 3.0, 4.0}. Table[7|presents

e[7
experiments aiming at fixed target accuracies {80%, 85%, 90%, 95%}. Fig. xplores
the existence of an optimal A, with results consistent with those in Section @ The in-

fluence of the clipping norm C' is investigated in Fig. 3] and the effect of the noise
multiplier o is examined in Fig. [}
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Table 6. The average accuracy (%) and fairness (¥) on different privacy budget (¢) setting at
FashionMNIST dataset.

€ |10 | 20 | 30 | 40
|Ace.(1) ¥(1) |Ace.(1) W(L) |Ace.(1) W({) [Ace.(1) ¥(4)
FedAvg 61.68 1.1e6| 82.69 2.3e¢7| 84.07 3.8e8| 86.83 8.0e8

SCAFFOLD| 62.12 1.2e6| 82.36 2.3e7| 83.39 2.6e9| 85.41 5.6e8
FedProx 61.25 1.1e6| 81.62 2.3e7| 85.32 3.8e8| 85.68 2.4e9
FedDyn 62.38 1.5e6| 82.43 3.1e7| 83.29 2.9e8| 84.51 5.2¢9
ALI-DPFL | 61.78 1.1e6| 83.01 2.3e7| 84.12 3.9e8| 85.58 4.5¢9
q-FFL 58.99 3.6e6| 80.24 9.6e7| 82.92 5.5e8| 85.01 3.8¢9
FedFDP 63.36 1.0e6| 83.15 2.1e7| 85.59 9.5¢7| 86.97 3.8e8

Impact of Different \. In Section [5.1] we derive a closed-form solution for \*,
which, however, relies on constants or upper bounds (e.g., L, i, G, I') whose specific
values change with different models, datasets, and loss functions. Therefore, we con-
duct the experiment in Fig. [2] to investigate the practical range of A*. We investigated
the correlation between A and ¥ in the FedFDP algorithm. As depicted in Fig. 2| our
findings align with the theoretical analysis: an initial increase in \ leads to a decrease
in ¥, followed by an increase, indicating the existence of an optimal .

Impact of Different C'. We emphasized that excessively large or small values of C'
cannot ensure both performance and fairness simultaneously. As illustrated in Fig. [3]
we examined the correlation between C, performance, and fairness across two datasets,
with C taking values in the range {0.01, 0.1, 1, 5, 10}. Although ¥ reaches its minimum
when C' = 1, the model does not converge due to excessive noise addition. As C' con-
tinues to increase, the model’s performance further deteriorates, resulting in an increase
in . When C = 0.1, both accuracy and ¥ achieve relatively good performance.

Impact of Different . We tested the variations in accuracy and fairness on two
datasets when o was set to {1, 1.5,2, 2.5, 3}, under the condition of ¢ = 2 and ¢ = 0.05,
which supports T € {6,115, 268,463,708} rounds of communication. As shown in
Fig. [ an increase in o allows more training epochs to advance the model’s conver-
gence process, but when o = 3, excessive noise hinders the convergence. When o is
smaller, the model performance is relatively similar, with a lower ¥ value. As o grad-
ually increases, the performance differences between models become apparent, and the
¥ value increases.

Impact of Different e. We conducted experiments with ¢ € {1, 2, 3,4} on the Fash-
ionMNIST dataset, as detailed in Table@ For e € {1, 2, 3}, we allowed larger values of
€ to support more iterations. At € = 4, we supported a smaller noise multiplier ¢ = 1.65
with a similar number of iterations as at ¢ = 3. The experimental results demonstrate
that FedFDP consistently achieves performance on par with the best baseline in terms
of accuracy across various privacy budgets. In terms of fairness, the improvements are
9.1%, 8.7%, 67.2%, and 32.1%, respectively.

e at Different Target Accuracy. TABLE [/| presents experiments on MNIST un-
der the Dir(0.05) partition, reporting the privacy budget ¢ and fairness measure ¥ at
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Table 7. The privacy budget (¢) and fairness (¥) on different target accuracy setting at MNIST

Dir(0.05).
Acc. | 80% | 8% | 9% | 95%
le() T led) w() |e() ¥ [el) #()
FedAvg 2.43 2.10e9|3.02 8.90e9 (3.45 1.30e10{4.89 1.30e11
SCAFFOLD|2.55 3.30e9(3.15 1.10e10{3.67 3.70e10{5.32 1.10e11
FedProx 3.02 1.30e9|2.98 1.30e10(4.31 5.80e10{4.89 2.50e11
FedDyn 2.68 2.20e9|3.55 7.80e9 [3.98 1.10e10{5.15 3.30e11
ALI-DPFL [2.85 3.10€9(2.98 1.30e10|3.67 2.30e10{5.32 9.80e10
q-FFL 2.68 9.80e8|3.15 9.70e9 (4.12 8.80e10({4.04 1.02e11
FedFDP 2.25 6.60e8(2.70 1.20e9 [3.05 5.80e9 |3.77 2.80e10
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Fig. 5. Tradeoff between privacy and fairness on 60% accuracy.

the point of achieving accuracy targets {80%, 85%, 90%, 95%}. As the target accuracy
increases (from 80% to 95%), the privacy budget (¢) for most methods rises slightly
(e.g., FedAvg increases from 2.43 to 3.02), while fairness (¥) deteriorates significantly
(e.g., FedAvg rises from 2.10x10° to 1.3x10'!), highlighting the intensified trade-off
between privacy and fairness under higher accuracy demands. FedFDP demonstrates
exceptional performance in balancing these objectives: At the high 95% accuracy tar-
get, its € (2.70) is lower than all other methods, and its ¥ (1.20x10%) is significantly
lower than competitors by an order of magnitude. At the 80% accuracy target, FedFDP
achieves the lowest ¥ (6.60x108) and the lowest € (2.25) in the entire table, validating
its comprehensive superiority.

Tradeoff between Privacy and Fairness. With the target accuracy fixed at 60%
on both MNIST and FashionMNIST, we investigate the trade-off between fairness and
privacy. As shown in Fig.[3] as the privacy budget € increases, the fairness metric ¥ de-
creases significantly on both datasets, indicating a clear trade-off between privacy and
fairness under the given accuracy constraint. The noise introduced by the privacy mech-
anism, while protecting data, amplifies performance disparities across groups, whereas
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relaxing privacy constraints creates room for fairness optimization. This monotonically
decreasing relationship reveals the tripartite trade-off characteristics among privacy,
fairness, and accuracy.

8 Limitations and Future Work

Despite the promising results achieved by FedFDP in balancing fairness, privacy, and
utility, there are several limitations in the current study that open avenues for future
research.

First, regarding heterogeneity, our current evaluation primarily focuses on statisti-
cal heterogeneity (Non-IID data) simulated via Dirichlet partitioning. We have not yet
deeply explored model heterogeneity, where clients may possess different network ar-
chitectures due to varying storage or memory capacities. Furthermore, the challenges
associated with cross-domain data—where feature spaces or distributions differ funda-
mentally across clients—remain unaddressed. Future work could investigate adapting
the fairness-aware gradient clipping strategy to support heterogeneous model architec-
tures and cross-domain federated learning scenarios.

Second, the current framework assumes that all selected clients participate success-
fully in the training process (full participation). However, in practical real-world deploy-
ments, device heterogeneity (e.g., varying computational power) and unstable network
conditions (e.g., bandwidth limits and high latency) often lead to the problem of strag-
glers. These stragglers can significantly delay the synchronization process in the global
aggregation phase. In this work, we have not specifically optimized FedFDP for such
system-level challenges. Future iterations of FedFDP could explore asynchronous up-
date mechanisms or robust client selection protocols to mitigate the impact of stragglers
and communication dropouts.

9 Conclusion

In this paper, a FedFair algorithm is initially proposed to effectively address fairness
concerns by optimizing a novel local loss function. The FedFDP, building upon FedFair,
is introduced to incorporate a fairness-aware gradient clipping strategy and an adaptive
clipping method for additional loss values, thereby achieving both fairness and differ-
ential privacy protection. Then, we find an optimal fairness parameter \* through con-
vergence analysis and numerical analysis methods, striking a balance between model
performance and fairness. Subsequently, a comprehensive privacy analysis of the ap-
proach is conducted using RDP. Through extensive experiments, the results indicate
that FedFair and FedFDP significantly outperform state-of-the-art solutions in terms of
model performance and fairness. It is believed that our work contributes a valuable FL.
framework for addressing fairness and privacy challenges.
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A Appendix

In the beginning, Table [§] presents some notations utilized in this paper. Symbols that
have not been previously introduced will be defined in subsequent sections.

Table 8. Summary of main notations

F(w)  Global loss function

F;(w)  Local loss function for client 4

T Communication rounds

t Communication round index

D; Dataset of client ¢

D The union of D;

Wy Local model at client 7 at round ¢

w Optimal model that minimizes F'(w)
n Gradient descent step size

A Fairness parameter

N Total number of clients

q batch sample ratio

|B;| Batch size of client ¢, with the mathematical expectation equals to | D;| - ¢
Di Weight of client 4, equals to | D;|/|D)|
&; Single data sample in D;, indexed by j
o Noise multiplier for gradient

oy Noise multiplier for loss

C Original clipping bound for gradient
C Original clipping bound for loss

-1 Ly-norm

A.1 Convergence Analysis

We analyze the convergence of Algorithm[2]and derive insights on selecting the hyper-
parameter A based on the convergence upper bound. Prior to proving this, we need to
establish several assumptions:

Assumption 1 Fy,--- | Fiy are all L-smooth: for all v and w, F;(v) < F;(w) + (v —
w) VE(w) + £|lv — w2

Assumption 2 F},--- | Fy are all pi-strongly convex: for all v and w, F;(v) > F;(w)+
(v —w) VF(w) + Ellv — w2

Assumption 3 Let &; be sampled from the i-th device’s local data uniformly at ran-
dom. The expected squared norm of stochastic gradients is uniformly bounded, i.e.,
|VE; (Wi, &)|| < Gforallie[l,--- \N], t€0,---, T —1]and j €1, - ,|B;]

Theorem 5. Under the assumptions mentioned above, we obtain the convergence up-
per bound for Algorithm|2|as follows:
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E[F(w,)] — F* < L

A * (12
% <.U2(20t1) + E[lwy — w*|| ) ) (29)

where:

- A=G2C} +3G2C} +2LIC, + 2254
- B = min; |Bi],

- [ =F - YL piFy,

- Ci= Zf:v:lpic:?vcl = \B \ ZlB g Cw

The meaning of I' is consistent with [26]], where a larger value of I" indicates that the
data among different clients is more Non-IID.

proof sketch: We investigate the relationship between E|| w1 — w*||? and E||w; —
w*||2, and then use mathematical induction to obtain an upper bound for E|w; —w*||%.
Finally, by utilizing Assumption [T, we derive Equation (29). For the detailed proof,
please refer to Appendix

A.2 Proof of Theorem/[3]

For the purpose of validation, we introduce an additional variable vito represent the
immediate result of a single-step DPSGD update from w?. We interpret w’ 11 as the
parameter obtained after a single communication step. Consequently, the fair-clipping
DPSGD in client ¢ at iteration ¢ transitions from Equation to:

15:|
Vi = wi- |B|ZC“ VE(Wi&)+oC-NOT],  (G0)
where:
Of’j:min(l—i—k Al C)
VIVEi(wi &)l

In our analysis, we define two virtual sequences v, = Z i piviand wy = Zfil piwl,
which is motivated by [36]. Therefore,

N |Bi|

Vel = Wi - Zm%[z Ci VE(whE) +0C-NOD)] (1)
i=1 =1

Key Lemma

Lemma 2. (Results of one iteration.)Assume Assumption hold, we have:
E[lvirr — w* < (1 — punCy) Eljw, — w* | + A,
where:

22
- A=GC} +3G°CE +2LICy + 24,
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- B = min, |B;|,
* N *
- I'=F" =3 piF},
_C, = ZN O of = L ZIBH o
t = 2.i=1Pile, by = py 25=1 0
Let A; = E|jw; —w*||. Itis evident that we always have w;;1 = v;41. According
to Lemma[2} this implies:

A1 < (1= unCy) Ay + 1A

We use mathematical induction to obtain A; < 7 where v = max{uﬂ’gcz%, Aq},
n= gforsome/g7 > ﬁ
STEP 1. When t = 1, the equation A; < v holds obviously.

STEP 2. We assume A; < 7 holds.

STEP 3.
15} v B2A t—1 B2A  uBCy —1 t—1 v
A< (1=pl0, ) = = - < <
t“‘( Al T g 't e 2 )= Ui
Therefore, Apyq < t% holds, completing the proof by mathematical induction.

Hence, A; < 7 holds.
Then by the L-smoothness of F'(-), let 8 = %, we get

L L _L A
E[F —FrsgAsgus o | ey A
[Flwi)] = F" < SA < Sos o <,ﬂ<2ct—1>+ 1>

Proof of Lemma 2| By the Equation (31)), we get

[Vit1 —W*H2
N n |Bi| o ‘

= llwe —w* — Z“W[Z Cy? - VE(w;, &) +0C - N(O,1)]|?
i=1 toj=1

= |[wy —w*|?
N " |Bi| 4

—2(w; — w*, Zpiﬁ[z CHVF;(wi, &) + oCN(0,T)])
i=1 =1

Ay

2
1B

N
+13 pi%‘[z CH - VF,(wi, &) +0C - N(0,T)]
i=1 =1

Az

Firstly, we process As:
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2
N |B;]
i=1 thj=1
B
N 7 |Bi| o _
i=1 th\j=1
Bo
N
+11 Zpi%ac-mo,nn’z
i=1 v
B2
Since E[By] = 0, we focus on B and Bs:
2 N 2 22
n 5 _ nfo°C<d
E[B,] < B2 ;EHUCN(Olw S "

1 o1
where Fz = Max; g7

By the convexity of || - ||?,

2
|Bi|

N
Blénzzpi @ZCZ’J'VFKW;,@) )
i=1 =1

taking exception and according to assumption [3}

E[B:] < n*RE

N
S ||czvm<wz>||ﬂ < poic?

i=1

N i i 1 Bi| ij
where Cy = 3 i~y piC. Cf = 157 Z‘jzl Gy

Now, we obtain the bound for the expectation of As:

020%d
B2

E[As] < n? < + G2CE)
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The process of A; show as below:

|B: |
A = — —w" qu |B|ZC7JVF Wtagj» —w* sz O'CN )>
Co
N |B: | n 1Bi| _
=Co—2)  pilwi — Wi, o B 2 Z CHIVE;(wi &) =2 sz W, B > CHIVE(wWLE))
i=1 =1
Cl C2
It’s obvious that E[Cy] = 0.
By Cauchy-Schwarz inequality and AM-GM inequality, we have
N |Bi |
C = —2ZPL<Wt wh \B | ZC’ IV F, (Wi, &)
i=1
N N ||
Z illwe —wi|* + || qug 2 ZC”VF (wi, &)
N
=Y pilwe = wil> + B
i=1
So we get
N .
E[Ci] < ) piElwe - wil|* + 7°G*C}
i=1
According to Assumption 2] we know that
i * i i * By *
—(wi = W, VE(w})) < = (Fi(wp) = Fi(w")) = Sllwi = w*[”
So we get
|Bi ] 0o
C: < 2sz P (- (Fiwi, &) = Fi(w) = S jwi = w7
N .
< —2nC, sz- (Fi(wp) = Fi(w*)) —unCy > pillwi — w*|?
; i=1
N .
= —2nct2pz — F* + F* = Fi(w")) — mC; Y pillwi —w*|
i=1

= —2nC; Zpi (Fl(wz) - F*) —2nCy I — unCh||lwy — w*||2,
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where I' = Y pi(F* — F) = F* = Y piFr.
Next, we proceed to handle D; .

N N
D, = sz‘ (Fi(wy) = Fi(w)) + Zpi (Fi(wy) — F7)
1;1 | =1
> pi(VEFi(wi), wi — wy) + (F(w) — F)
i=1

(from the Assumption [2))

N

1 1 ; .

> 5 Yo [T E I + 2wt = wilP| + (v - )
i=1

(from the AM-GM inequality)

N 1 ‘
>3 i [nm(wt) < E) 4 gl wtn?] + (F(w,) — F")
i=1

(from the L-smooth inference)
1 X
i 2
> —(L+1)I"— o ;pillwt —we,

where L-smooth inference as show:

IVE(wi)* < 2L (Fi(wy) — F}) . (32)
Thus, we get
N .
Co < 2°C,LT + Cy Y pillwi — wi|* — pnCil[we — w|?
i=1
To sum up,
N .
E[A;] = EZpint —wi||? +n*G*C? + 20*C,LT
i=1
N .
+CE D pillwi = wil* | = mCiE|w, — w*|?
=1
N .
= (1+COE | pillwi — wzﬂ — ynCiE[[w, — w* ]
i=1

+n° (G*C} +2LICy),
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and
N .
=S niwe il
i=1
N
=E | Y pill(wi = viy) — (w) - Vi+1)||21
i=1
N . .
SEE)mwﬁHW]
i=1
i=1 j=1
2 202d
=E[4] =262 + T2 25
So we get,

MAPO—MQEWrWW+ﬂ+®ﬁ@@+ﬁ@@@+%HHJ

All in all, we get
El[vipr — wH? < (1 = unCo)E[w; — w*||* +7° 4,
where

2 2,12
A= G203 +3G2C? + 2LI'C, + UBg d

B Related Work

While various fairness concepts exist in machine learning [[7429]], recent studies in DPFL
have predominantly focused on group fairness to mitigate biases related to sensitive
attributes like gender and race [[14}|15/|34]. Notable works have integrated DP with
fairness constraints (e.g., equal opportunity or decision boundary fairness) to protect
attribute privacy while reducing discrimination [9,/16,37].

In contrast, our research shifts focus to balanced performance fairness, a relatively
unexplored area within DPFL. Unlike group fairness which targets demographic par-
ity, balanced performance fairness—introduced by Li et al. [25] and further explored
in [23|42]—prioritizes uniform model performance across clients, making it partic-
ularly suitable for federated settings involving diverse institutions. While parameter
tuning (e.g., clipping thresholds) can improve group fairness [|15]], achieving balanced
performance fairness necessitates fundamentally adjusting the direction of model up-
dates. Balancing these directional adjustments with the noise and clipping inherent in
DP presents a unique challenge. To the best of our knowledge, this is the first study to
address balanced performance fairness within the context of DPFL.
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